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ABSTRACT. , P.G. Casazza, $0$ . Christensen, S. Li and A. Lindner [2]
, $L^{2}[-\pi, \pi]$ , Riesz basis
frame .




$\{f_{n}\}$ , $H$ dense
complete in $H$ . $\overline{span}\{f_{n}\}=H$ . , $\{f_{n}\}$
, $\{f_{n}\}$
minimal . , $f_{k}\not\in\overline{span}\{f_{n}\}_{n\neq k}$ . , ,
$\Sigma_{n}\alpha_{n}f_{n}=0$ $\alpha_{n}=0$ for all $n$ , $\{f_{n}\}$ $\omega$-independent
. , $\{f_{n}\}$ minimal $\omega$-independent .
, $\{f_{n}\}$ franie for $H$ $A,$ $B>0$ ,
$A \Vert f\Vert^{2}\leq\sum_{n=1}^{\infty}|(f, f_{n})|^{2}\leq B\Vert f\Vert^{2}$
. $A,$ $B$ frame bounds . , $H$
$\overline{span}\{f_{n}\}$ $\{f_{n}\}$ frame sequence .1
$\{f_{n}\}$ complete , $A,$ $B>0$ ,
$\{c_{n}\}$
$A \sum|c_{n}|^{2}\leq\Vert\sum c_{n}f_{n}\Vert^{2}\leq B\sum|c_{n}|^{2}$
, $\{f_{n}\}$ Riesz basis for $H$ . $A,$ $B$
, Riesz bounds . , $H$
spaiii$\{f_{n}\}$ $\{f_{n}\}$ Riesz sequence . Riesz basis
frame , , frame bounds Riesz bounds
. , , frame Riesz basis
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( , Young[12, pp.126 $\sim$ 131] ). frame
Riesz basis :
Proposition A (e.g. Young [12, pp.154 $\sim$ 158).
If $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ is a frame and is $\omega$-independent, then it is a Riesz basis.
$\lambda=\{\lambda_{n}\}_{n\in \mathbb{Z}}$ ,
$\inf_{nm}|\lambda_{n}-\lambda_{m}|>0$
, separated . ,
$H=L^{2}[-\pi, \pi]$ , , $\sup_{n}|{\rm Im}\lambda_{n}|<\infty$ separated
$\lambda=\{\lambda_{n}\}_{n\in \mathbb{Z}}$ , $\{f_{n}\}=\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ , Riesz bases (Riesz
sequences) frames (frame sequences) .
, \S 2 , , ,
.
, P.G. Casazza, O. Christensen, S. Li, and A. Lindner $[2|$ , Balan
[3] , :
Theorem A ([2, Proposition 16.10]).
Let $\{\lambda_{k}\}_{k\in \mathbb{Z}}$ be a sequence of real numbers such that
$\sup_{k\in \mathbb{Z}}|\lambda_{k}-k|=\frac{1}{4}$ . (1.1)
Then either $\{e^{i\lambda_{k}t}\}_{k\in \mathbb{Z}}$ is a Riesz basis for $L^{2}[-\pi, \pi]$ or it is not a frame for
$L^{2}[-\pi, \pi]$ .
\S 3 , TheoremA (1.1) .
1 , “excess” .
$\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ , $N$ , complete minimal
excess $N$ ,
$E(\lambda)=N$
. , $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ $N$
$e^{i\mu 1}$ ${}^{t}e^{i\mu t}N$
, complete minimal
$E(\lambda)=-N$
. $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ minimal complete excess
:
$\bullet$ $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ minimal $E(\lambda)\leq 0$ .
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$\bullet$ $\{e^{i\lambda_{n}t}\}.\in \mathbb{Z}$ complete ininimal $E(\lambda)=0$ .
, complete , $E(\lambda)=$
$\infty$ , complete ,
$E(\lambda)=-\infty$ .
1 excess , Riesz basis frame
.
2.
, $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ Riesz basis, basis, minimal, $\omega$-independent,
separated, complete .
. , $\ovalbox{\tt\small REJECT}$basis” , Riesz basis
.
RB $=$ Riesz basis, $B=$ basis, $F=$ frame.
CM $=$ complete $i>$ minimal, $C\omega=$ complete $B>$ $\omega$-independent.
CSP $=$ complete $B_{1\text{ }}$ separated, $C=$ complete.
, :
RB $arrow Barrow$ CM $arrow C\omega$ .




1. $\{e^{i\lambda_{n}t}\}\in$CM $\not\in B$ $\not\in F$ (Levinson [5] ;Young $[10|,$ $[11]$ ; Casazza,
Christensen, Li and Lindner [2] $)$ .
$\mu_{n}=\{\begin{array}{ll}n-\frac{1}{4}, n>0,n+\frac{1}{4}, n<0.\end{array}$ (2.1)
$\lambda_{n}=\{\begin{array}{ll}n+\frac{1}{4}, n>0,0, n=0,n-\frac{1}{4}, n<0.\end{array}$ (2.2)
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CM , [5] , basis $[$ 10],
[11] , frame TheoremA .
2 1 . $L^{2}[-\pi, \pi]$ isometric isomoriphism,
$\phi(t)\mapsto e^{-i\frac{t}{2}}\phi(t)$
, (2.1) $lh(2.2)$ .
2. $\{e^{i\lambda_{n}t}\}\in F$ $\not\in CM;\{e^{i\lambda_{n}t}\}\in CSP$ $\not\in C\omega$ .
$\{e^{i\frac{t}{2}}, e^{int}\}_{n\in \mathbb{Z}}$
, .
3. $\{e^{i\lambda_{n}t}\}\in CSP,$ $\in C\omega$ $\not\in CM$ (Young [10] and Singer [9]),
$\not\in F$ (Casazza, Christensen, Li and Lindner [2]) .
$\lambda_{n}=\{\begin{array}{ll}n-\frac{1}{4}, n>0,0, n=0,n+\frac{1}{4}, n<0.\end{array}$
$C\omega$ , [9] \S 6, Example 6.1 b)
Banach , (2.1) $\{e^{i\mu_{n}t}\}_{n\neq 0}$ basis
[10] . $\{e^{i\lambda_{n}t}\}\in C\omega$ $\not\in CM$ ( ,
$\not\in RB)$ , Proposition A , $\{e^{i\lambda_{n}t}\}\not\in F$ .
$[$2, Example 16.11 $]$ , .
4. $\{e^{i\lambda_{n}t}\}\in F$ $\not\in$SP .
$\mu_{n}=\{\begin{array}{ll}n+\frac{1}{5}, n>0,0, n=0,n-\frac{1}{5}, n<0.\end{array}$
$\gamma_{n}=\{\begin{array}{ll}n+\frac{1}{5}+\epsilon_{n}, n>0,n-\frac{1}{5}-\epsilon_{n}, n<0.\end{array}$




, , Theorem A . simple
. , excess , Riesz basis frame
.
Proposition 3.1. If $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ is $minimal_{j}$ then it is either a Riesz sequence or
not a frame sequence in $L^{2}[-\pi, \pi]$ .
, Proposition A , . , “minimal“
$(\omega$-independent” .
Corollary 3.1. If $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ is incomplete. then it is either a Riesz sequence or
not a frame sequence in $L^{2}[-\pi, \pi]$ .
, $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ complete minimal (Schwarz;
see Alexander and Redheffer [1, p.61, Remark 4] $)$ , Proposition 3.1
. Corollary TheoremA .




If we define the sequence $\lambda=\{\lambda_{n}\}_{n\in \mathbb{Z}}$ as follows,
$\lambda_{n}=\{\begin{array}{ll}n+\epsilon_{n}+a, n>0,0, n=0,n+\epsilon_{n}-b, n<0,\end{array}$
then $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ is either a Riesz sequence or not a frame sequence in $L^{2}[-\pi, \pi]$ .
Kadec’s 1/4-Theorem [4, Theorem] Proposition 3.1.
.
Corollary 3.2 , , $\{\epsilon_{n}\}_{n\in \mathbb{Z}}$ , $\sup_{n\neq 0}|\epsilon_{n}|<\frac{1}{4}$
, $a=b=1/4$ . ,
$\lambda_{n}=\{\begin{array}{ll}n+\frac{1}{4}+\epsilon_{n}, n>0,0, n=0,n-\frac{1}{4}+\epsilon_{n}, n<0,\end{array}$ (3.1)
, $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ Riesz sequence , frame sequence
. ,
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$\epsilon_{n}\{\begin{array}{ll}\leq 0, n>0,\geq 0, n<0,\end{array}$
$\inf_{n\neq 0}|\epsilon_{n}|=0$ , TheoremA .
, Redheffer and Young [8, Theorem 3] :
Theorem B.
Let
$\mu_{n}=\{\begin{array}{ll}0, n=0,1, n=1,n+\frac{1}{4}+\frac{\beta}{\log n}, n\geq 2-\mu_{-n}, n<0,\end{array}$ (3.2)
then $\{e^{i\mu_{n}t}\}_{n\in \mathbb{Z}}$ is complete in $L^{2}[-\pi, \pi]$ if $0\leq\beta\leq 1/4$ and not if $\beta>1/4$ .
$\beta\neq 0$ , $\sup_{n}|\mu_{n}-n|>1/4$ , TheoremA
$A\backslash$ , Corollary 3.2 . $\epsilon_{n}=\beta/\log n(n\geq 2)$ . Redheffer
[7, Theorem 47] [4] , $E(\mu)=0$ for $0\leq\beta\leq 1/4$ $E(\mu)=-1$ for $\beta>1/4$
. , [6, Theorem 2.1 and \S 3] , $0\leq\beta\leq 1/4$
, $\{e^{i\mu_{n}t}\}_{n\in \mathbb{Z}}$ Riesz basis , $\beta>1/4$ , Riesz sequence
. , Corollary 3.2 , $0\leq\beta\leq 1/4$ ,
$\{e^{i\mu_{n}t}\}_{n\in \mathbb{Z}}$ frame , $\beta>1/4$ , frame sequence
. , $0<\beta\leq 1/4$ , $\{e^{i\mu_{n}t}\}_{n\in \mathbb{Z}}$ basis
([6, Problem $3.1|)$ .
Young [12, p.156, Lemma 6] , .
Proposition B.
Let $\{f_{n}\}_{n\in N}$ be a frame in a Hilbert space $H$ and I be a finite subset of $\mathbb{N}$ ,
$I=\{n_{1}, n_{2}, \ldots, n_{m}\}$ .
Then $\{f_{n}\}_{n\in N-I}$ leaves either a frame or an incomplete set.
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, :
Theorem 3.1. Let $\lambda=\{\lambda_{n}\}_{n\in \mathbb{Z}}$ be a sequence of complex numbers satisfying
$|\lambda_{n}-n|\leq L$ , (3.3)
where $L$ is a positive constant and assume that $E(\lambda)=m\geq 1$ , and let I be any
subset of m-elements from $\mathbb{Z}$ ,
$I=\{n_{1}, n_{2}, \ldots, n_{m}\}\subset \mathbb{Z}$ .
Then $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}-I}$ is a Riesz basis if and only if $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ is a frame.
, Riesz basis frame
.
Remark 3.1. Theorem 3.1 , TheoremA
. , $\{\lambda_{n}\}_{n\in \mathbb{Z}}$
$\sup_{n\in \mathbb{Z}}|\lambda_{n}-n|=\frac{1}{4}$
. , [7, Theorem 47] , $E(\lambda)=0$ 1
. , $E(\lambda)=1$ , $\{e^{i\lambda_{n}t}\}_{n\in \mathbb{Z}}$ $F$ Riesz basis
, Theorem A frame . , Theorem 3.1 ,
$n_{1}\in \mathbb{Z}$ , $\{e^{i\lambda_{n}t}\}_{n\not\simeq n_{1}}$ Riesz basis .




, [5, p.67] (see [12, Theorem 5, p.103]) , $\{e^{i\mu_{n}t}\}_{n\neq 0}$ complete
and minimal . , [10, Theorem 2] , basis
. , Riesz basis , Proposition 3.1 , frame
.
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frame , $p.4$ ,
Theorem 3.1 .
Example 3.2. Let
$\lambda_{n}=\{\begin{array}{ll}n=\frac{1}{4}, n>0,0, n=0,n+\frac{1}{4}, n<0,\end{array}$
then $E(\lambda)=1$ and $\{e^{i\lambda_{n}t}\}_{n\neq 0}$ is not $a$ Riesz basis as shown by the above example.
Consequently, $\{e^{i\lambda_{n}t}\}.\in \mathbb{Z}$ is not a frame by Theorem 3.1.
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